We investigate the macroscopic quantumness of a set of states well approximating the important class of coherent state-encoded Schrödinger cat states. We do so by using two di erent quanti ers of macroscopic quantumness, nding consistency between the results arising from the two quanti ers, despite the di erent grounds upon which they are built.
Introduction
Recent progress in the manipulation of systems overcoming the microscopic scale has opened the path to the engineering of states that are quantum and, at the same time, have the ambition to be genuinely macroscopic [1-5, 8, 9] . With such an ambition, a reliable manner to quantify the macroscopic non-classicality of a given state should come to provide a valuable, experimentally useful tool for the characterisation of such an important class of states.
It should be stressed that, when addressing macroscopic quantumness, the request is for the state under scrutiny to be quantum mechanically macroscopic, which on its own encompasses the non-trivial nature of the question related to the de nition of a proper quanti ers of macroscopic quantumness. The evident dichotomy of the requests for a state to be both quantum mechanical and macroscopic pushed Leggett to comment that any such quantitative measure would defeat "our intuitive sense" [10] .
In the past few years, a certain number of attempts have been made at the de nition of such quantitative tool [14] . The most notable approaches have been based on the number of particles that are e ectively involved in the quantum superposition of distinguishable states of a sys-*Corresponding Author: Andrew Carlisle: Centre for Theoretical Atomic, Molecular, and optical Physics, School of Mathematics and Physics, Queen's University Belfast, BT7 1NN Belfast (UK), E-mail: appassionale1@gmail.com tem [12] [13] [14] [15] and distinguishability between the constituent states [13, [16] [17] [18] [19] [20] .
The epitome of a macroscopic quantum superposition is obviously embodied by the Schrödinger cat state, whose form though takes changes depending on the physical platform used to synthesise it. One of its most studied embodiments is given by a coherent quantum superposition of opposite-phase coherent states such as
with |α a coherent state of amplitude α ∈ C and N = / ( − e − α ) the normalisation constant. For |α| , the overlap between opposite-phase coherent states is (exponentially) small, which makes the two states nearly distinguishable, and thus legitimately representative of the dead and alive states. Moreover, a large value of the amplitude suggests macroscopicity.
Despite their synthesis remains a remarkable experimental challenge, considerable progress has been achieved in the engineering of such states [5] . Such progress has occurred in various experimental platforms, including optomechanics [6] , and through a variety of experimental techniques, including optical ltering [7] . It is thus becoming a pressing issue to determine quantitatively the macroscopic nature of such resource states.
In this paper we explore the macroscopic quantumness of a state akin to Eq. (1) from a di erent perspective. We start from the fact that Eq. (1) can be well approximated, for suitable choices of α, by the squeezed singlephoton state ψ (r) = S(r)| . Here S(r) = exp[r/ (a † − a )] is the single-mode squeezing operator of squeezing parameter r [21] . In turn, a squeezed single-photon state can be obtained exactly by photon-subtraction from a squeezed vacuum state in light of the identity [23] aS(r)| = sinh rS(r)| ,
which puts the states under scrutiny here within experimental grasp. We thus use ψ (r) to generate an approximation to an entangled coherent state (ECS) of k modes (labelled as a , a , . . . [22] . For instance, the twomode ECS results from
with B ≡ B (π/ ).We then make use of the measure originally proposed in Ref. [24] to quantify the degree of macroscopic quantumness that is achievable for such state as a function of the degree of squeezing in ψ (r) . The logic behind our approach is that, as the beam-splitting operations cannot, on their own, amplify the degree of macroscopic quantumness of their output states, any macroscopicity of |ECS− {a k } should result from the resource ψ (r) .
We then re-assess such estimate using the phase space-based measure proposed in Ref. [19] , thus addressing di erent facets of macroscopicity, as witnessed by the distinctive behaviours associated with the measures in the two cases. We nd compatibility between the results achieved through such di erent instruments.
Finally, we address the macroscopic quantumness of the state achieved by subtracting two excitations from the squeezed vacuum state, which results in a good approximation to a squeezed Schrödinger cat state.
After reviewing the de nition of the two measures used throughout this paper (Secs. 2 and 3), the P-index and the phase-space measure, in Sec. 4 we apply the rst one to the single-photon subtracted squeezed vacuum state, identifying a parameter regime where the P-index criterion quali es such state as very close to the features of an ideal Schrödinger cat state. In Sec. 5 we con rm such result using the phase-space measure. Our analysis is then extended, in Sec. 6, to the assessment of the macroscopic quantumness of squeezed Schrödinger cat states. In particular, we identify a regime where such states are more macroscopically quantum than a standard cat state.
The P-index
This measure was originally proposed in Ref. [24] and later modi ed for the assessment of macroscopic quantumness in Ref. [25] . We start by considering a collection of N qubits with logical states {| , | } and pointing out that the most general macroscopically quantum state is the Greenberger-Horne-Zeilinger (GHZ) state
The macroscopic quantumness of which this state is endowed stems from the fact that one would have to measure many particles to distinguish between the branches in this quantum superposition with a high probability of success. Indeed, a measurement of the operator Z = This is the basis of the measure known as the P-index, which is formalised in Ref. [24] in terms of the additive operator A built as the addition of single-particle operators. The quanti er of macroscopicity is provided by the value taken by the parameter p that is obtained as
where O(N p ) is a non-zero constant. One can prove that p = is achieved for a product state, while p = for the GHZ state in Eq. (4), which is thus the most macroscopically quantum state.
Phase-space measure
This measure, which was introduced in Ref. [19] , quanties macroscopic quantumness exclusively in terms of the properties of the phase-space representation of the state of the system. It thus lends itself nicely to continuous variables. Mathematically such measure can be expressed as 
Macroscopic quantumness of ψ (r)
We can now assess the properties of macroscopic quantumness of our resource state ψ (r) = S(r)| . We start by stating that [21] ψ (r) = (cosh r)
which helps us evaluating the overlap with a generic coherent state of amplitude β ∈ R. We have f (β, r) = βe
The delity F( ψ (r) , |ψ ) = | ψ|ψ (r) | , which quanti es the similarity between the squeezed single-photon state and Eq. (1), can then be calculated as
In Fig. 1 we show the behaviour of F( ψ (r) , |ψ ) for a range of amplitudes α and degrees of squeezing r. Clearly, the distance between the state at hand and the desired cat-like state can be made very small by making a judicious choice of the parameters. Needless to say, the question of whether this embodies the closest approximation to the ideal state is meaningful only when referred to experimental platforms. However, this study aims at addressing a characterisation that is platform-independent. Let us start by addressing the case of a two-mode ECS obtained by mixing ψ (r) and an ancilla prepared in the vacuum state at a : beam splitter, i.e. the state B ψ (r) a | a and apply the formalism set in Sec. 2. We shall consider additive operators of the form A = Aa ⊗ Ia + Ia ⊗ Aa with I the identity operator. As the ideal state that we would like to achieve, Eq. (1), is encoded in the space of opposite-phase coherent states, we can assume the logical-qubit encoding that maps the modes at hand onto e ective two-level systems as |α → | and |−α → | . This allows us to consider the e ective representation of single-qubit operators (10) with σx,y,z the Pauli operators. We thus take (11) and the search for the maximum variance of A will be performed by optimising numerically over the set of coecients {c 
optimising over the parameters above. The results are presented in Fig. 2 , which shows that the p index can reach values close to the maximum of 2 achieved by a GHZlike state, when suitable choices of the amplitude α and squeezing degree r are taken. Quantitatively, we have p . for r = . and α = / √ . This demonstrates the macroscopic quantumness of the resource state in Eq. (1). It is remarkable that the maximum of the P index is achieved for a value of α that is only moderately large.
Phase Space Measure
In order to validate and strengthen the results reported so far, we now assess the macroscopic quantumness of the state via the phase-space measure used in Sec. 3. This measure is well suited to address continuous-variable systems and does not require the construction of entangled states to evaluate the macroscopic quantumness of the resource.
The form of the state that we are managing allows for fully analytical calculations. Indeed, when addressing the characteristic function of the state ψ (r) , we have
As
and S † (r)a † S(r) = µa † + νa with µ = cosh r and ν = sinh r, we have
so that the characteristic function takes the explicit form [28] 
Here L (x) = − x is the Laguerre polynomial of order 1 and argument x. The measure I is thus calculated easily through the theory of Gaussian integrals, which gives us
This quantity should be compared to the mean number of excitations N in the system: only for I ∼ N is a state genuinely macroscopically quantum [19] . We have
Therefore, the mean number of excitations in ψ (r) coincides with the phase-space measure I, thus characterising such a state as genuinely macroscopic quantum. In particular, for r = .
, we have I = . , which shows that the results achieved in Sec. 4 are compatible with those found here based on the phase-space approach.
The formula in Eq. (16) can be easily generalised to the case of the squeezed state of an n-excitation Fock state, i.e S(r)|n , which gives
where we have introduced the index n to stress that |n is now being subjected to squeezing. Therefore, the degree of macroscopicity of S(r)|n grows linearly with the number of excitations in the state.
Further considerations
We can add a few more considerations to the analysis presented here. . In light of Eq. (2), we have
so that the normalised state ψ (r) =
thus representing an approximation of a squeezed cat state.
The phase-space measure of macroscopicity for ψ (r) can be easily evaluated starting from the associated characteristic function. We have Di erently from the result achieved in Sec. 5, I ψ = for r = as the resulting state is the vacuum one, which cannot bear any macroscopicity. Fig. 3 shows a comparison between Eq. (16) and I ψ , demonstrating that for r ≥ . state ψ (r) is more macroscopically quantum than ψ (r) .
Conclusion
We have examined the macroscopic quantumness of experimentally implementable states that approximate elements of the class of coherent-state encoded Schrödinger cat states. To this goal, we have used both the so-called P-index and the phase-space based measure of macroscopic quantumness, nding a good degree of compatibility between the results corresponding to such quantiers, despite the intrinsic di erence of their mathematical and physical foundations. We have extended our considerations to the assessment of states that approximate a squeezed cat state, nding a turning point in the space of relevant parameters at which such states become more macroscopically quantum than a standard cat state.
This work contributes to the ongoing research e ort in the grounding of tools for the characterisation of macroscopic quantumness of quantum optical resource states that are known to be useful for applications in computation, communication, and metrology.
